We developed 12 models of kinetics to describe the metabolism of organic substrates that are not supporting bacterial growth. These models can be used to describe the biodegradation of organic compounds that are not supporting growth when the responsible populations are growing logistically, logarithmically, or linearly or are not increasing in numbers. Nonlinear regression analysis was used to fit patterns of mineralization by two bacteria to these kinetic models. Pseudomonas acidovorans mineralized 1 ng of phenol per ml while growing exponentially at the expense of uncharacterized organic carbon in a synthetic medium. Phenol at a concentration of 1 ng/ml did not affect the growth of P. acidovorans. These data were best fit by the model that incorporates the equation for logarithmic growth and assumes a concentration of test substrate well below its Km value. In the absence of a second substrate, glucose at concentrations below those supporting growth was mineralized by Salmonella typhimurium in a manner best described by pseudo first-order kinetics. In the presence of different concentrations of arabinose, however, the kinetics of glucose mineralization by S. typhimurium reflected linear, logistic, or logarithmic growth of the population on arabinose. We conclude that the kinetics of mineralization of organic compounds at concentrations too low to support growth are best described either by the first-order model or by models that incorporate expressions for the kinetics of growth of the metabolizing population on other substrates. When growth is at the expense of other substrates, the kinetics observed reflect such growth, as well as the concentration of the substrate of interest. The models also may be useful for analysis of the kinetics of cometabolism.
Many synthetic chemicals present in samples of natural environments at extremely low concentrations are mineralized (1, 21) , but there is evidence that bacteria are not able to grow solely at the expense of organic compounds which are present at such low concentrations (7, 16) . However, the mineralization of synthetic organic compounds at very low concentrations may be carried out either by nongrowing microorganisms or by organisms whose growth is supported by organic compounds that are present at higher levels. High concentrations of easily metabolizable compounds have been shown to cause repression of the mineralization of less readily metabolized compounds (3, 8) . At low substrate concentrations (20) or at low dilution rates in chemostats (4), however, there may be no catabolite repression or other inhibitory phenomena, such as inhibition of substrate uptake, so that bacteria are capable of metabolizing two or more substrates simultaneously. In fact, the mineralization of low levels of a substrate may be enhanced by the addition of an easily metabolized compound (6, 7) .
Although many environmental factors are likely to increase the complexity of the patterns of mineralization kinetics, it has been argued that much of the observed variability in curves of substrate disappearance can be explained with only the variables of substrate concentration and population density, in addition to the parameters of the Monod equation (17) . Implicit in the Monod equation is the assumption that the rate of bacterial growth and therefore the rate of substrate utilization are determined by the concentration of the substrate being measured. However, it is likely that bacteria acting on low concentrations of organic molecules in natural ecosystems may simultaneously metabolize more than one organic substrate. The kinetics of mineralization under such circumstances would be more complex than the kinetics occurring when only a single substrate is metabolized and would reflect not only the concentration of the compound of interest but also the growth of the organism on additional substrates.
Two general types of dual-substrate models can be distinguished, each of which requires a different approach to describe the kinetics of degradation of the test compound. The first class of models describing circumstances in which two compounds contribute substantially to the growth rate of the population has been described previously (18, 25) . Models of the second general type are for circumstances in which the substrate of interest is present at a very low concentration and therefore is not important in determining the growth rate of the active organisms. Growth of the active organisms in such cases would be governed almost entirely by the concentration of one or more alternative substrates.
This study was designed to determine to what extent second substrates alter the kinetics of mineralization of low concentrations of organic compounds by pure cultures of bacteria. In addition, we describe a family of models which provide good fits to the data obtained experimentally.
MATERIALS AND METHODS
Medium. The inorganic salts solution which we used contained (per liter of deionized water) 13 mg of KH2PO4, 60 mg of Na2HP04, 40 mg of NH4Cl, 10 mg of MgSO4 * 7H20, 10 mg of CaC12 * 2H20, 0.5 mg of FeCl3 -6H20, 0.5 mg of MnSO4 * H20, 10 ,ug of ZnSO4 -7H20, 5 off by vigorously bubbling compressed air through the liquid for 5 min. Subsamples (3.0 ml) then were added to plastic vials containing 9 ml of Liquiscint (National Diagnostics, Inc., Somerville, N.J.), and the radioactivity was counted with a liquid scintillation counter (model LS 7500; Beckman Instruments, Inc., Irvine, Calif.).
To measure the amount of substrate that was assimilated by the cells, subsamples were passed through a 0.2-,um polycarbonate filter (Nuclepore Corp., Pleasanton, Calif.), and the amounts of radioactivity in the filtrate and in the original suspension were counted. In its differential form, the logistic equation can be presented as follows:
where r is the maximum specific growth rate in a particular environment and Bmax is the maximum population density achievable in that environment. In the ecological literature (9), Bmax is termed carrying capacity and is symbolized by K, but this notation is not used here to avoid confusion with half-saturation constants. In addition, it is possible to approximate a logistic growth curve near its inflection point with a straight line. The logistic curve in Fig. 1 is approximated by a straight line for the period of time during which the number of organisms increases from 10 to 90% of Bmax. In Fig. 1 , the straight line shown is the line for which the area between it and the logistic curve is minimized over the relevant period of time. The four areas of disagreement between the models in Fig. 1 (the areas between the straight line and the logistic curve) are only 4.6% of the area under the logistic curve. The region in Fig. 1 indicated as the area of agreement (98.3% of the area under the logistic curve) is the area under the lower of the two functions. The two values do not add up to 100% of the area below the logistic curve because some of the areas of disagreement lie above the logistic curve. The expression used to represent linear growth in the development of the models described below is as follows: B = BO(1 + mt), where mBo is approximately equal to the slope of the logistic curve at the inflection point.
The linear approximation to the logistic curve is not APPL. ENVIRON. MICROBIOL.
proposed as being as valid as the approximations of the logistic curve by the exponential or the no-growth models. The latter cases are derived mathematically by considering limiting cases. There is no equivalent means to show that growth becomes a linear function of time when population density approaches one-half of the maximum population density. Nevertheless, the straight line in Fig. 1 lies remarkably close to the logistic curve. The greatest advantage of the logistic equation over the integrated Monod equation for use as a general description of growth is that the logistic equation can be solved analytically to obtain an expression for population density as a function of time. This is not possible with the integrated Monod equation, which must be solved numerically. The disadvantages of not using the integrated Monod equation are relatively minor. It has been argued that the integrated Monod equation, when solved for substrate concentration, is closely approximated by models in which growth is either exponential or negligible in many cases (17) . The same two approximations are possible when the logistic equation is used. Only in cases in which the integrated Monod equation is absolutely required to explain observed growth would the models presented in this paper fail to offer a satisfactory description of the kinetics of degradation.
In addition to the treatment of the term for population density in equation 2, the concentration of the test substrate (S) affects the kinetics observed. When S << Ki, the denominator of the right side of equation 2 can be approximated as Km. In this case, the rate of biodegradation becomes proportional to the product of substrate concentration and population density (2, 10, 17) . Although such a relationship has been termed second order (10), it is actually analogous to a pseudo first-order reaction (14) because the number of cells does not change during the course of the reaction and cells are analogous to catalysts rather than reactants. Therefore, such kinetics are called first order in this paper. When S >> Ki,, the denominator of the right side of equation 2 can be approximated as S. In this circumstance, the rate of disappearance of substrate becomes independent of substrate concentration, although changes in population density continue to affect the rate of degradation.
With three different formulas for reaction rate per cell and four different expressions for growth, 12 models for the kinetics of degradation of substrates that do not support growth of the active populations can be constructed ( Table  1) . The first three models in Table 1 Because the relationships among the 12 models are difficult to see in Table 1 , the models are presented in Table 2 in such a way as to emphasize the conditions under which each model would be expected to apply. The models in the third column of Table 2 density of active organisms in systems described by the models in Table 2 roughly decreases from top to bottom in the table.
Three of the models in Table 1 have names appended parenthetically to their descriptions, namely, MichaelisMenten, first order, and zero order. These models are also simplified special cases of models of the kinetics of degradation of substrates that do support the growth of the active population. Models IV and VII of Table 1 are similar to the three-half-order models of Brunner and Focht (2) in the substrate depletion form. However, the exponential form of the Brunner-Focht (2) model is constructed in such a way that mineralization of a substrate is predicted to occur even in the absence of a metabolizing population. In contrast, model IV only applies when actively metabolizing organisms are present, and it predicts no substrate loss in the absence of active organisms.
A number of derived or composite parameters in Table 1 are defined for combinations of the original parameters. The derived parameters are introduced into the integrated forms of the 12 models to make possible the estimation of parameters by nonlinear regression. The derived parameters are necessary to avoid perfect correlation between parameter estimates.
Examples of the shapes of nine of the models in Table 1 are shown in Fig. 2 . Three of the models in Fig. 2 have the shapes of familiar curves. Model VI has the shape of an exponential growth curve turned upside down. The curve generated by model VII has the same shape as the normal distribution. Model IX is a portion of a parabola. Three of the curves in Fig. 2 (models IX, III, and VI) lack an inflection point. These curves are generated by models in which substrate concentration is assumed to be greatly in excess of Km. In these models, the reaction rate continues to accelerate as a result of growth of the active organisms until the substrate is essentially exhausted. Models of the disappearance of compounds at concentrations much less than Km provide curves in Fig. 2 (models VII, I , and IV) that have inflection points. In these models, the reaction rate begins to decelerate well before the substrate is exhausted. Models VIII, II, and V, which describe the degradation of compounds at concentrations close to Ki, have inflection points VOL. 50, 1985 (-rt) which are closer to the horizontal axis than the inflection points of the curves for concentrations below Km. Data analysis. Nonlinear regression analyses were performed on all curves for substrate disappearance. For this purpose, we used the MARQFIT computer program, which fits data by minimizing the least squares of the differences between the data and the model curve (17 equations used in the MARQFIT program are modified from those shown in Table 1 to account for the fact that only loss of '4C from solution was measured. The modification performed assumes that a constant fraction (;) of label taken up is either incorporated into cells or converted to extracellular product. The details of this procedure are given elsewhere (17) .
To determine the model of best fit for each substrate disappearance curve, the residual sums of squares from fits obtained by using different models were compared. The model giving the lowest residual sum of squares for a particular data set was deemed the model of best fit only if the difference between it and models with fewer parameters was significant at the 90% confidence level or higher (P c 0.1) when a standard F test was used. 
RESULTS
Cells of P. acidovorans were incubated in the inorganic salts solution and in the salts solution supplemented with 1 ng of phenol per ml and 20 ng of acetate per ml. The bacterium grew in the unsupplemented inorganic salts solution (Fig. 3) , presumably at the expense of the uncharacterized dissolved organic carbon present in the liquid. The growth rate was not affected by the presence of low concentrations of phenol alone or a mixture of acetate and phenol, and both substrates were mineralized simultaneously. Since the growth of P. acidovorans was not at the expense of the substrates being measured, the concentrations of which were too low to support the population sizes achieved, the curves were analyzed by using the family of models described above. The data used in these analyses were the values for loss of 14C from solution. Most of the residual 14C present when the curves leveled off was found to be assimilated by the cells, and any remaining 14C was assumed to be extracellular products. Measurement of residual phenol was not possible because the concentration was too low, but it was assumed that no phenol remained when the disappearance curves flattened out. The acetate disappearance curve was best fit by model I (P = 0.01), whereas the data for phenol disappearance were fit equally well by models I and IV. The curve of best fit for phenol mineralization is described by the model with the fewer parameters (model IV) because the extra parameter needed in model I did not bring about a significant reduction in the residual sum of squares.
The mineralization of 0.4 ng of glucose per ml by S. typhimurium was measured in the presence of different initial concentrations of arabinose. In the absence of added arabinose, S. typhimurium was not able to grow, and glucose mineralization was slow (Fig. 4) . These data for mineralization were fit by the first-order model (model X) because more complex models failed to offer a statistically significant reduction in the residual sum of squares. In the presence of 0.5 ,ug of arabinose per ml, the cell numbers increased slightly, and model VII for mineralization gave the lowest residual sum of squares of all of the models. However, the difference was not significant, so the use of the extra parameter in model VII was not justifiable, and the firstorder model was used to analyze the data. The kinetics of glucose mineralization in the presence of 1.0 ,ug of arabinose per ml was best fit by model I (P = 0.05), indicating that the cells were growing logistically. The actual growth data are consistent with this prediction. In contrast, in the presence of 5.0 ,ug of arabinose per ml, S. typhimurium grew logarithmically on arabinose throughout the period during which glucose was being mineralized. Under these conditions, model IV was used to fit the data since it significantly reduced (P = 0.005) the residual sum of squares below the values of less complex models.
Data that were best fit by a model incorporating linear growth were obtained when 3.5 x 104 S. typhimurium cells per ml were incubated in media supplemented with 0.40 ng of glucose per ml and 0.25 ,ug of arabinose per ml. Model VII provided the best fit (P = 0.1) to the data from this study of glucose mineralization (Fig. 5) . Growth of the bacterium was approximately linear, which is in agreement with one of the assumptions inherent in model VII.
The parameter estimates for the models of best fit to each of the substrate depletion curves in Fig. 4 and 5 are presented in Table 3 .
To test the effects of a larger inoculum on mineralization, well after glucose mineralization in the presence of arabinose had ceased (Fig. 6 ). The models of best fit to the data in Fig.  6 are consistent with the patterns noted in the previous experiment. In the presence of 0, 1.0, and 10 ,ug of arabinose per ml, the curves for glucose mineralization were best fit by models X, I, and IV, respectively. Arabinose affected the amount of glucose carbon converted to CO2 and to cells. With an initial arabinose concentration of 10 ,ug/ml, 40% of the glucose carbon was converted to CO2, 49% was incorporated into biomass, and 11% remained in the filtrate after 14 h of incubation. In the absence of arabinose, 58% of the glucose carbon was converted to CO2, 27% was incorporated, and 14% remained in the filtrate after 14 h. DISCUSSION P. acidovorans mineralized low concentrations of phenol and acetate simultaneously while growing on the uncharacterized organic carbon in the inorganic salts solution. The models of best fit for the mineralization of the two substrates differed even though growth was essentially the same in solutions containing phenol alone, phenol plus acetate, and neither phenol nor acetate. This difference is probably a result of different affinities of P. acidovorans for the two substrates. Further attempts to understand the kinetics of mineralization of these substrates by P. acidovorans was hampered by the presence in the solution of low concentrations of uncharacterized organic carbon utilized by this bacterium. To avoid these difficulties, S. typhimurium was used in further tests of these models because this organism does not grow at the expense of the unknown carbon sources in the salts solution (15) . Therefore, it can be used to study the interactions of very low concentrations of just two known organic compounds.
The shapes of the curves for glucose mineralization by S. typhimurium varied depending on the concentration of arabinose. This change in mineralization kinetics is a result of growth on arabinose because the concentration of glucose was the same in each experiment and, as shown previously (15) , was at a concentration too low to support growth. The shapes of the substrate disappearance curves changed from completely concave-up when little or no growth occurred, to S-shaped for data that were best fit by a model incorporating logistic growth, and finally to almost completely concavedown when the bacteria were growing logarithmically. When an unambiguous statistical procedure was used (17) , the model of best fit was always the one that incorporated the type of growth that was actually observed. For example, in the presence of 5.0 ,ug of arabinose per ml, the curve for glucose mineralization was best fit by model IV. Model IV was formulated for circumstances in which the population is growing exponentially while using a test substrate at a concentration well below Km. These conditions were met only by the data that were best fit by this model; the growth of S. typhimurium was exponential in the presence of 5.0 ,ug of arabinose per ml, and the lowest measured K, for the growth of S. typhimurium on glucose is 95 ng/ml (15) .
The validity of the models can be further tested by comparing the predictions of the model for r with the value actually measured experimentally. The model estimate for r (Table 3) , whereas a linear regression on the exponential growth data in Fig. 4 yielded a value for r of 0.29 h-(correlation coefficient, 0.99).
The estimated values of k1 for glucose utilization (Table 3) were quite similar in the presence of arabinose at concentrations of 0, 0.25, and 0.50 pLg/ml. At the highest concentration of arabinose (5.0 ,ug/ml), however, the estimated value of k, was significantly lower. This may indicate that high concentrations of arabinose interfere with the utilization of low concentrations of glucose by S. typhimurium or that rapidly growing cells of S. typhimurium use low concentrations of glucose less readily than nongrowing or slowly growing cells. Nonetheless, the overall effect of the high concentration of arabinose was that glucose mineralization as a whole was increased dramatically (Fig. 4) , even though the rate of glucose mineralization per unit biomass (k1) was less.
The effects of a second substrate on the kinetics of glucose mineralization were slightly obscured when a large inoculum was used, probably because most of the glucose was mineralized before growth of the population could be reflected in the initial rate of glucose mineralization. Nevertheless, the mineralization of 0.23 ng of glucose per ml in the presence of 0, 1.0, and 10 ,ug of arabinose per ml was best fit by models X (first order), I, and IV, respectively, as would be predicted based on the observed growth or lack thereof. In addition, the curves showing ['4C]glucose disappearance with and without unlabeled arabinose differed greatly in the amount of radioactivity remaining in solution. The percentage of glucose carbon converted to CO2 was highest in the absence of arabinose when the initial cell number was large. This may be a reflection of more glucose being used for endogenous respiration in the absence of a second substrate, analogous to yield reductions caused by demands for maintenance energy at low dilution rates during bacterial growth in chemostats (12) .
In the presence of 0.25 ,ug of arabinose per ml, S. typhimurium grew almost linearly and simultaneously mineralized glucose at a concentration that was previously shown (15) to be too low to support growth. The model of best fit for mineralization under these circumstances was model VII, which incorporates linear growth and a nonsaturating concentration of the test substrate. A linear regression on these data yielded the straight line of best fit which is shown as a broken line in Fig. 5 . Although a straight line adequately accounted for much of the unexplained variance in these data, model VII fit the data much more closely (P = 0.005). Patterns of substrate disappearance that appear to follow linear kinetics have been reported previously (19, 21, 23, 26) . True linear growth of microorganisms has been observed to occur when a population of bacteria receives a nutrient at a constant limiting rate (24) or when a bacterial culture is deprived of an essential nutrient or growth factor so that the concentration of some essential enzyme is held constant (5) . It is unlikely that the disappearance of a low concentration of substrate in a batch culture would follow linear kinetics because the concentration of the substrate would be decreasing with time and therefore the rate of mineralization per cell would also be declining. A solution of this paradox may lie in one or more of the models presented in this paper. As shown in Fig. 1, a straight line gives a close approximation to a large portion of the logistic curve. It may be that a lack of precision in analytical techniques or an insufficient number of data points has led researchers to perceive processes as being linear when they were, in fact, logistic.
Mineralization is unlikely to follow the kinetics described by several of the 12 models. It is unlikely that a mineralizable substrate would be present at concentrations greatly in excess of its Km without contributing substantially to the growth of the active organisms, although such a situation might occur in the case of a substrate acted on by cometabolism. In addition, when two mineralizable substrates are present at high concentrations, the more readily metabolized of the two usually causes repression of the metabolism of the other (8) . Therefore, the four models that apply when the substrate concentration is much greater than Km are only likely to describe the kinetics of biodegradation of substrates that are cometabolized.
The existence of threshold concentrations below which synthetic organic compounds fail to support the growth of microorganisms in pure culture has led to concern about the persistence of low concentrations of such compounds in nature (1) . Threshold concentrations for bacterial growth have been shown to occur in the presence of a single substrate (22) , presumably when the substrate is at a concentration too low to provide energy for both maintenance and growth of the metabolizing population (12, 13) . Theoretical grounds for the inability of bacteria to grow at very low substrate concentrations have recently been proposed (1Sa).
A threshold concentration for growth may also be a threshold level for mineralization when the population is initially small and it dies before a detectable amount of substrate is metabolized. Our results indicate that, in the presence of an adequate number of cells, the rate of metabolism of concentrations of substrate that do not support growth is first order, whereas in the presence of an additional substrate present at a concentration that allows for growth, the kinetics of metabolism of the test compound reflect the growth of the organism on the second substrate. The models presented here should be applicable to the mineralization of low concentrations of organic compounds, but some of the models may prove to be useful for modeling the cometabolism of even high concentrations of synthetic compounds.
